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Facility Relocation (FR), which is an effort to reallocate the placement of facilities to adapt to the changes of
urban planning, has remarkable impact on many areas. Existing solutions fail to guarantee the result quality
on relocating k > 1 facilities. As k-FR problem is NP-complete and is not submodular or non-decreasing,
traditional greedy algorithm cannot be directly applied. We propose to transform k-FR into another facility
placement problem, which is submodular and non-decreasing. We prove that the optimal solutions of both
problems are equivalent. Accordingly, we present the first approximate solution toward the k-FR, FR2FP.
Our extensive comparison over both FR2FP and the state-of-the-art solution shows that FR2FP, although
it provides approximation guarantee, cannot necessarily given superior results. The comparison motivates
us to present an advanced approximate solution, FR2FP-ex. Moreover, based on Lagrangian relaxation, we
develop an algorithm that can adjust the approximation ratio. Extensive experiments verified that, FR2FP-ex
demonstrates the best result quality, and it is very close to the optimal solution. In addition, we also unveil
the scenarios when the state-of-the-art would fail. We further generalize the k-FR problem, considering the
budget for relocation and the cost of each facility. We also present corresponding approximate solutions
toward the new problem and prove the approximation ratio.
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1 INTRODUCTION

Facility relocation (FR) problem aims to reallocate facilities in light of changes in users’ locations.
This can improve service quality and is useful in many applications. As an example, consider there
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Fig. 1. Example of facility relocation.

is a new subway line launched, many people may resettle to different locations accordingly. Due
to that, various facilities (e.g., chain store, firehouse, etc.) have to be reallocated to provide better
user experience (e.g., minimize the average distance to the nearest facilities).

FR problem has been extensively studied in literature [9, 13, 22, 23, 29]. Specifically, given a set
of users U (e.g., u1, . . ., uy in Figure 1(a)), existing facility locations F (e.g., fi, f2 in Figure 1(a)), a
set of new locations C (e.g., c1, ¢, in Figure 1(a)) to move to, assume that each user is associated
with a nearest facility in F (e.g., u3’s nearest facility is f}), it is rational to expect that the distance
between each user and her nearest facility is minimized. Driven by that, FR [22] aims to relocate
k arbitrary facilities f € F with new locations ¢ € C in order that the average distance between
all users and their nearest facilities is minimized.

1.1 Motivation

Most of the existing solutions to the FR problem only consider the situation where we only relo-
cate one facility [22, 27], i.e., k = 1. However, in practice, it is ubiquitous that multiple facilities are
reallocated at the same time. For instance, consider population changes in 254 counties in Texas.
During the period from 2010 to 2021,! there are 38 counties with a population change rate greater
than 20% (including both increase and decrease). Among them, 19 counties have a change rate
over 30%. Suppose there is a chain store (e.g., McDonald’s) that deployed facilities according to
the population distribution in 2010. By 2021, due to the change in population distribution, it will
definitely be unable to provide the best service and thus fail to obtain the maximum benefits espe-
cially when their competitors have improved the service by relocating facilities. Therefore, there
exist enough motivation for the store to relocate a series of the existing facilities to improve the
service network (i.e., to minimize the serving distance).

1.2 Challenges and Intuition

Notably, given the existing solutions toward FR problem with k = 1, referred to as 1-FR, extensively
addressing the problem with k > 1, referred to as k-FR, is not a trivial task due to the following
challenges. First, the solution space changes from |F| X |C| to Zle ('I;‘) X (‘f'), which is not poly-

nomial. Note that the solution space does not necessarily become ('i') X (lil), but is eventually

much larger. The reason is, although we hope to relocate k facilities, the average distance of users
may be already minimized when k’(k’ < k) facilities are replaced. Actually, the k-FR problem is
NP-complete, which is proved in Section 4 . Second, as we shall show in Section 4, k-FR is nei-
ther submodular nor non-decreasing (monotone), such that greedy approximate strategy cannot
be directly applied. Although there exist heuristic solutions [27] toward the k-FR problem. They

Thttps://worldpopulationreview.com/us-counties/states/tx.
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can not provide approximation ratio over the results, such that the effectiveness of the solutions
cannot be guaranteed.

In addition to the hardness of the k-FR problem, we advocate that the users considered in FR
problem should not be necessarily static but allowed to be dynamic. That is, when considering
the serving distance from a facility toward a user, the user cannot be simply modeled as a static
position, but a series of positions along her movement track. Similar problem statement can also
be found in a series of related works [4, 27].

To address the limitations above, in this article, we propose to transform k-FR into a facility
placement problem [4, 6, 25], which is submodular and non-decreasing, and prove that the trans-
formed problem is equivalent to the k-FR. By converting the k-FR problem into the facility place-
ment problem, we proposed the first approximate solution toward the k-FR problem, the results
of which can provide an approximation guarantee to the optimal ones. By comparing with the
state-of-the-art heuristic solution [27], we observe that the practical effectiveness of the basic ap-
proximate algorithm is not superior to the heuristic one. In fact, as k is small, the result quality
of the basic solution is even poorer than that of Reference [27]. We exploited the reason for this
phenomenon through plenty of theoretical and empirical studies, and accordingly proposed an
advanced approximate solution, namely, FR2FP-ex, which can obtain the best performance over
the competitors while ensuring the same approximation ratio.

In spite that FR2FP-ex can provide guaranteed sub-optimal results, its approximation ratio is
fixed (but not adjustable) and may not meet the needs of all potential users. For this reason, inspired
by Lagrangian relaxation and branch-and-bound strategy, we develop another algorithm that can
answer k-FR problem with adjustable approximation ratio. On the one hand, as long as it takes
enough time, this algorithm can give results at any required approximation ratio. On the other
hand, the experimental results of this algorithm also justify that the results obtained by the FR2FP-
ex is eventually almost the same to the optimal solution.

The classical definition of k-FR problem assume that the cost of relocating each facility is uni-
form. However, in practice, the cost for relocating a facility definitely varies depending on a series
of factors, e.g., the distance between the new and old location, the rent at the new location, and
so on. Driven by that, we extend the classical definition to a more general one as general k-FR
Problem by allowing each reallocation be associate with a cost, and the overall reallocation can-
not exceed a predefined budget. Accordingly, we extend both FR2FP and FR2FP-ex, and propose a
pair of generalized version to solve this problem with guaranteed approximation ratio.

1.3 Contributions

Our technical contributions in this work can be summarized as follows:

e As the k-FR problem is not submodular or non-decreasing, it cannot be directly approxi-
mately addressed by hill-climb solutions. In light of that, we equivalently transform the k-FR
into a facility placement problem and propose an approximate solution, FR2FP, accordingly.
To the best of our knowledge, it is the first approximate solution toward the k-FR problem.

e We observe that, although the approximate solution provides result guarantee, it does not
necessarily provide better results practically. Our thorough investigation, both theoretical
and empirical, unveils the secret behind the unexpected performance of the existing heuristic
solution in Reference [27].

e Given our insight in the unexpected phenomenon in the state-of-the-art heuristic solu-
tion [27], we propose an advanced approximate algorithm, FR2FP-ex, which empirically
demonstrates superior performance compared to all existing solutions while ensuring the
approximation ratio theoretically.
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e We additionally develop an algorithm with adjustable approximation ratio. Experimental
results show that FR2FP-ex can eventually generate a near-optimal result.

e We extend the k-FR problem to a general setting, where each reallocation is associated with
a cost, and propose a pair of corresponding approximation algorithms toward it.

The rest of this article is organized as follows. We introduce the related work in Section 2. Sec-
tion 3 formally gives the definition of the classical k-FR problem. In Section 4, three methods are
proposed to solve k-FR problem with approximation ratio. In Section 5, we extend k-FR to a more
general problem and give the corresponding solutions. Section 6 presents our experiments and
results. In Section 7, we extensively discuss the scenarios where the state-of-the-art heuristic will
fail in practice. In Section 8, we conclude this work.?

2 RELATED WORK

Min-dist in Euclidean. Reference [16] studied the k-medios problem based on the minimum
distance. The goal is to select k center points from all points so that the summed distance between
all other points and the nearest k centers is the smallest. Reference [36] studied another problem,
by assuming that there are already some facilities and users, find a location in a given area to
establish a new facility to minimize the average distance from the user to the nearest facility. The
author proposed a progressive algorithm that can gradually obtain the optimal solution. Reference
[21] studied a discrete form of the above problem. The possible location facilities are no longer the
entire continuous space, but a set of discrete locations specified in advance. Their goal is to find a
location from these locations to build a new facility that minimizes the average distance between
users and the nearest facility. The above researches are all based on Euclidean space, which is
different from the issue we consider on the road network.

Min-dist on the road. Reference [32] studied the optimal location problem on the road network.
They proposed a framework based on the divide-and-conquer strategy to place multiple facilities
at the same time. The problem studied by Reference [1] is the same as that of Reference [32].
Based on the idea of nearest local network [8], they proposed an efficient algorithm to solve the
problem. As discussed in Reference [22], in real applications, we are always allowed to choose from
some candidate locations. Hence the answers generated by these approaches may not eventually be
valid in practice. Reference [20] finds a facility among existing ones that has the minimum average
distance to all the users, w.r.t. Euclidean distance, while Reference [35] solved the problem on road
network utilizing network connectivity information and spatial locality. In Reference [39], Voronoi
diagram-based look-up tables were designed to avoid network traversal. Reference [33] presented
a two-phase convex-hull-based pruning technique for both exact and approximate solutions. As
these efforts only consider the facility placement but not reallocation, thus are orthogonal to our
problem setting and cannot be applied to address k-FR.

Facility relocation. For the first time, Reference [29] considered the removal of old facilities
in the facility location problem, which is the prototype of the FR problem, and proposed three
approximate algorithms to solve the problem. But in this study, the distance between users and
facilities is assumed to be known, which is not guaranteed in our problem. Reference [13] studied
the re-planning of ambulances, which is essentially a special FR problem, which means that all
facilities are relocated. They proposed a PAM-based method to solve this problem. Since it may not
be necessary to relocate all facilities in k-FR, this method cannot solve the k-FR problem. Reference
[9] studied the mobile facility location problem, in which users and facilities need to be relocated
at the same time. However, only facilities can be relocated in k-FR, so this method is not applicable.
Therefore, none of the above methods can be used to solve the k-FR problem.

2 A shorter version of this work appeared in Reference [26].
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Table 1. Notations

Notation Definition

G(V,E) | Road network, V is the vertex set and
E is the edge set

F Set of existing locations

C Set of candidate locations

Fun FucC

d(i, j) Distance between location i and j

A() Reduction in total distance of a reloca-
tion pair

40) Monotone and submodular function

Reference [22] considered an FR problem similar to our setting. Based on Replacement Influ-
ence Distance, which is used to restrict the search space, they solved this problem in Euclidean
space. Reference [27] studied the FR problem on road network and they proposed two methods, de-
pending on whether an index can be prepared beforehand, to solve the problem. In fact, although
Reference [27] focuses on the 1-FR, the author extensively discussed how their solution to 1-FR
can be extended to a heuristic solution to address the k-FR. However, they failed to provide any
theoretical or empirical study for their effectiveness or efficiency in k-FR setting. In this work, we
give a thorough study over their proposed strategy and unveil that (1) although failing to guar-
antee the result approximation ratio, the heuristic solution can be as good as, or even superior
to, our basic approximation scheme; (2) the scenarios where the heuristic solution fails to provide
acceptable results are also identified by our exhaustive study.

Submodular maximization. As the facility placement problem is essentially a variation of
submodular maximization problem, we present the relevant research work. The fundamental sub-
modular maximization problem, which aims to maximize a monotone submodular function under
a general matroid constraint, has been well known since the late 1970s and the greedy algorithm
achieves a 1/2 approximation [5]. Even for the special case of cardinality constraint, there is no al-
gorithm that can obtain an approximation guarantee better than 1 — 1/e using polynomially many
value queries [18]. Until the early 21st Century, when Reference [24] introduced a continuous
greedy algorithm which approximately maximizes the multilinear extension of the submodular
function and obtains the optimal 1 —1/e approximation guarantee. Moreover, Reference [11] study
the non-monotone submodular maximization problem and propose a constant-factor approxima-
tion algorithm. However, the k-FR problem is neither submodular nor monotone, thus none of
these studies can be used directly and guarantee the approximation ratio.

3 PROBLEM STATEMENT

In this section, we first formally define the k-FR problem and then discuss the concept of locations
of mobile users.

3.1 FR Problem Definition

To formally define the k-FR problem, we introduce some necessary terminologies. Table 1 lists a
set of frequently used notations in this article. A location [ in this article is a planar position on an
edge in a given directed road network G(V, E), with a geographical coordinate (i.e., latitude and
longitude). Each directed edge in E between a pair of vertices in V is associated with a positive
cost, i.e., travel distance or time, and so on. Given any two locations /; and I,, the directed network
distance from [; to I, is denoted by d(Iy, ), which may not be equal to d(l,, ;). In addition, we
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denote existing facilities as a set of locations F = {fi, ..., fy1} and the candidates (locations) to
deploy substitutes as another set C = {cy, .. ., cp2}. For a user at a particular location ¢, the nearest
facilities with respect to F are denoted as ¢r(¢), and the network distances from ¢ to ¢r(¢) is
denoted as yr(£) = dist(l,¢r(f)). A FR pair that consists of k obsolete facilities Fy € F and
k candidates Cx C C for substitution is denoted as (F, Cx). For a user located at ¢, given the
relocation pair as (Fi,Cy), the distance to his nearest facility will become ¥ (£), where F’ =
F\ Fx UCy.

Definition 1. Given a facility set F and an FR pair (Fj, Cx), the change of total distance be-
tween all users U and their respective nearest facilities is defined as
U]
A ((Fi,Ci)) = Z(lﬁp(lOC(uz')) — Y (loc(uy))),
i=1

where loc(u;) denotes the location(s) of user u;, and F’ = F\Fy U C.
Given the definition above, classical FR problem [15, 23] is defined as follows.

Definition 2. Given a directed road network G and a set of users U, the k facility relocation
(k-FR) problem aims to find an FR pair (Fy-, Cx/) among a set of existing facilities F and a set of
candidate locations C such that

(Fy, Ckhopr = argmax A ((Fy, Cp)), st. k' < k.

3.2 Locations of u;

Notably, in Definition 1, we have to compute the distance between u; and its nearest facility. Com-
putation of the distance is trivial when each user is simplified as a single location. However, this
setting is unrealistic with increasing mobility of end users and proliferation of mobile applications.
In real life, moving objects are ubiquitous. To represent the movement of an object, there are two
categories of approaches: discrete (e.g., check-in data [34]) and continuous (e.g., trajectory [38]).
No matter which method is used, a moving object is modeled as a set of positions [28] (e.g., check-
ins at POIs or sample points of a trajectory), and we have to get rids of the following issues, namely,
noisy, passing-by and outlier. Noise [37] is caused by data or GPS errors. Passing-by points are the
points that the user only passes through without performing any meaningful activities. The outlier
points are those visited occasionally. These points can mislead us to find the correct result of FR.

In addition, moving users are intimately associated with two major behaviors, as reported by Ref-
erence [14], frequently appearing at some place and staying for a duration. Obviously, the points
in these locations are more important. As a result, identifying these points will pave the way to
effectively capture daily activity places for handling the k-FR problem. In this regard, inline with
References [4, 27], we employ the kernel method [31] to identify these points, referred to as ref-
erence locations. The general procedure [4, 27] can be outlined as follows. First, we discretize the
2D space into grids and evaluate the density (of all locations for a user) for each grid. The top-5%
grids with the highest density are selected. Adjacent grids are further aggregated into a group. In
each group, the peak grid with the highest density is intuitively regarded as a reference location.
Moreover, the density accumulation of each group is normalized and accounted as the probability
that a user appears accordingly.

Following the above, each user is outlined as a series of reference locations, each of which is
associated with a probability of occurrence. Given that each u; is now referred to as a group of
reference locations, it is a non-trivial task to compute the distance in Definition 1. In this regard,
we shall propose a general version of Definition 1 such that each user is not necessarily simplified
as a single position. For instance, in Figure 2, we extracted three reference locations and their
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Fig. 2. Example of extracting reference location (virtual user).

probabilities from the user’s historical movement logs. Considering each reference location as an
independent virtual user, we can define the change of total distance for the mobile objects.

Definition 3. Given a facility set F, a FR pair (Fk, C¢) and a set of users U, each of whose move-
ment can be modeled as a set of reference locations r, considered as a virtual user, and the cor-
responding probability p,, the change of total distance between all virtual users R and their
respective nearest facilities is defined as

IR|

A ((Fi, C) = ) (Y (i) =Y (1)) X .
i=1

Next, we shall present our solutions toward the k-FR problem, where the A(-) is defined upon
Definition 3. In the following, all users represent virtual users, which are locations.

4 SOLUTIONS TO k-FR

Intuitively, it is straightforward to give a brute-force approach for k-FR as follows. Find all possible
k’-FR pairs (Fy/, Crr) (1 < k" < k), and return the best one i.e., with the maximum A(-). Unfortu-
nately, the solution space is up to Zle (lf ‘) X (‘fl). Moreover, as we will prove in Theorem 4, the
k-FR problem is NP-complete. Therefore, one practical way to address it is to find a polynomial
solution, either heuristic or approximated.

To this end, Reference [27] present a heuristic solution, referred to as kLNB, which greedily
selects the best 1-FR pair® one-after-another.* As demonstrated by Lemma 1, the greedy strategy

is an efficient algorithm for optimization problems that is submodular and non-decreasing.

Definition 4. Consider an arbitrary function o(-) that maps subsets of a finite set P to non-
negative real numbers. We say that o is submodular if ¢ (AU {v}) — 0 (A) > o (BU {v}) — o (B),
for all elements v and all pairs of sets A C B C P.

LEMMA 1 ([19]). For a non-decreasing, submodular function o, a finite set P, an integer k and the
problem maxp cp{a(P’) : |P’| < k}, a greedy algorithm always produces a solution whose value is at
least 1 — % times the optimal value.

However, in k-FR problem, the function to be maximized (i.e., A(-)) is not submodular or non-
decreasing, which is justified by Example 1. Therefore, the approximation ratio of the kLNB cannot
be proved by Lemma 1. In fact, the kLNB fails to provide any approximation ratio, which we have
theoretically studied and proved (shown in Section 7).

3A special case of FR pair (Fg, Cy), where k = 1.
4Reference [27] proposed a solution to the 1-FR problem.
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Fig. 3. Facility distribution and marginal gain after different iterations in Example 1.

ALGORITHM 1: FR2FP Algorithm

Input: Road network G(V, E); current facility locations F; candidate facility locations C; limit of relocation
number k
Output: Facility relocation (FR) pair (Fi, C)
1: Let Fyp=FUC
2: The result set S = 0
3: The number of locations in S that belong to C: num=0
4: foriin1to |F| do
5 Calculate the total distance D(I) for each location in F,;; if it is selected
6:  select the location [; whose D(I) is minimum
7: S=SUl;
8
9

if [; € C then
: num = num+ 1
10: if num == k then

11: Faip = Fau \ C
12: end if

13:  else

14: Far = Faur \ {li}
15: endif

16: end for

17: return (F\ S,CNS)

Example 1. In Figure 1(a) there are four virtual users {u1, uz, us, u4}, two current facilities { f1, f2}
and two candidate locations {cy, cz}. If we want to relocate two facilities, then kKLNB algorithm
would find the 1-FR pair ([, c¢) that brings the greatest distance reduction. In the first iteration, all
pairs and corresponding distance reductions are shown in Figure 3(a). Obviously, the kLNB will
select ( f2, ¢2), whose distance reduction is 2. Then for the second iteration, pairs and reductions are
shown in Figure 3(b). {f1, ¢1) will be selected. Obviously, the marginal gain in the second iteration
(i.e., 4) is larger than the first (i.e., 2). Moreover, the benefit of {fi,c;) is better when the current
solution is {f3, ¢2) (i.e., 4) than when it is empty (i.e., 0).

To the best of our knowledge, there is no approximate algorithm toward k-FR, though kLNB
suggests a heuristic solution. In the following, we shall present three algorithms that provide ap-
proximate results for the first time.

4.1 Basic Approximate Solution

Before presenting our first approximate solution, we introduce the facility placement problem.

Definition 5. Given a directed road network G = (V, E), a set of existing facility locations F, a set
of candidate facility locations C, and a set of virtual users U, suppose Dy (F) denote the aggregate
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distance from each virtual user in U to the nearest facility in F, then the goal of the facility
placement problem is to find C’ C C (|C’| = k), so that the total distance reduction, denoted as
oy, r(FUC’) = Dy(F) — Dy (F U C’), is maximized.’

THEOREM 1. The facility placement problem in Definition 5 is NP-complete.

Proor. First, we need to introduce the node cover problem. Given a graph G and an integer k,
does there exist a subset of k nodes of G that cover all the edges of G? (Node v is said to cover edge
e if v is an endpoint of e.) The node cover problem is NP-complete [3, 10].

We now show that the node cover problem is reduciable to the facility placement problem. With-
out loss of generality, consider a graph G(V, E). We can construct an instance of the facility place-
ment problem with the candidate facility set C = V and set of users U = E. Assuming each user
has a nearest facility, which is a dummy node, and the existing facility set F = {dummy nodes},
let the distance between each user and the corresponding dummy node be |E| + 1. In addition, let
d(vi,ej) = 1ifv; € Vis an endpoint of e; € E, otherwise d(v;, e;) is set to +co. This transformation
is polynomial in the size of the graph. If there exists a k-covering, then the total distance would
be less than or equal to |E|. So we just need to check if the improvement is more than or equal to
(IE|+1)|E|-|E| = |E|?. As long as there is one user not covered, the best choice is the dummy node,
with cost |[E| + 1. Therefore, the improvement is less than (|E|+1)|E| - (|E|+1) = |E|?~1. According
to the optimal solution of facility placement problem, we can immediately get the answer to the
original node cover problem. Therefore, the facility placement problem is NP-complete. O

THEOREM 2. w(-) in Definition 5 is a non-decreasing and submodular function.

Proor. First, YA C C,w(A) > 0. This is obvious, because when a new facility is added, the
distance from the user to the nearest facility may only decrease or remain the same. Second, YA C
C,¥l € C\ A,w(AU {l}) > w(A). The reason is the same as the above. Thus, the function w(-) is
non-decreasing. Last, suppose A € B C C, w(A) > 0, w(B) > 0. Then for VI,I € C\ B, we can know
that (AU {I}) — w(A) > w(B U {l}) — w(B). Thus the function is submodular. O

As discussed above, k-FR is not submodular or non-decreasing, thus presenting an approxi-
mate solution is extremely challenging. But the facility placement problem is submodular and
non-decreasing. Therefore, is it possible for us to transform the k-FR into a facility placement
problem such that both properties can be realized? Motivated by that, we propose to consider the
k-FR problem in the perspective of facility placement as follows.

Definition 6. Given road network G = (V,E), current facility set F, candidate facility set C,
and set of virtual users U, 0 is an empty facility set and w(-) is the total distance reduction in
Definition 5, then the k-FR problem from facility placement perspective aims to find a set of
locations H from F U C so that

Maximize oy, (H) st. |[H| =|F|,|HNC| < k. (1)

THEOREM 3. Let Hopr be the optimal solution to problem® 6, then it can be classified into two
subsets, namely, HSPT = HpprNF anngpT = HoprNC, where IHgPTI < k. Then (F\HSPT, HgPT)
is the optimal solution to problem 2. That is, the optimal solution of problem 2 can be directly acquired

from the optimal solution of problem 6 [26].

COROLLARY 1. Suppose Hyp, is a solution of problem 6 with approximation ratiop, i.e., w(Happ) >
p - w(Hopr), then (F \ prp, Hacpp) is a p-approximate solution to problem 2 [26].
5As U, F are fixed in the problem, we shall use «(-), D(-) for short in the sequel.

®We shall use problem x, for short, to refer to the problem defined in Definition x.
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Fig. 4. Facility distribution and total distances after each iteration of FR2FP.

THEOREM 4. The k-FR problem is NP-complete.

Proor. According to Definition 6, the k-FR problem can be transformed into facility placement
problem, which is proven to be NP-complete in Theorem 1. Therefore, the k-FR problem is NP-
complete. ]

As problem 6 is a facility placement problem. It is both submodular and non-decreasing, such
that a greedy algorithm can guarantee the approximation ratio in the results. Accordingly, we are
now ready to propose a basic approximation strategy toward both problems, namely, FR2FP (Facil-
ity Relocation to Facility Placement), showed in Algorithm 1. The algorithm begins by assuming
that there is no existing facility and computes the D(I) for each location ! € F,j; (Line 5), which
represents the total distance between all virtual users and his nearest facility after joining the lo-
cation [. Every time it will select the location [ with the minimum D(I) until |F| locations (Line
6). Each time a location ¢ € C is selected, it will increase the count of locations selected from C.
Whenever the number is up to k, it removes all locations in C from F;; (Lines 8-12).

Example 2. In Figure 1(a), FR2FP assumes that there is no current facility, and then gradually
selects the facility that can bring the minimum value in D(-). In the first iteration, the total distance
after adding each facility is shown in Figure 4(a). Because the distance after adding c; is the smallest,
it will be selected as the first facility. Since ¢; belongs to C, we need to judge whether the number
of locations selected from C (1 at the current timestamp) has reached k (i.e., 2 in the example). If
not, then we carry on to select the next facility. According to Figure 4(b), c, is the best choice with
the minimum total distance 45 in the second iteration. The total number of locations selected now
reaches k = 2. Thus, FR2FP will stop with the final facility set {c1, c2}. The k-FR pairs selected by
FR2FP is <F2, Cz) (Fz = {fl, fg}, Cz = {(,’1, Cz}).

Definition 7. Let P be a finite set and 7 be a nonempty collection of subsets of P. The system
M = (P, 1) is called a matroid if : (a) VP; € 7 and P, € P; = P, € I;and (b) VP’ C P every
maximal member of 7 (P") = {I : I € 7,1 C P’} has the same cardinality.

THEOREM 5. According to Reference [5], for a non-decreasing, submodular function o, a finite set P
and the problem maxp:cp{c(P") : P’ € I} where (P, I) is described by the intersection of N matroids.
The greedy algorithm always produces a solution whose value is at least ﬁ times the optimal value.

THEOREM 6. For the facility relocation problem in Definition 6, the FR2FP algorithm showed in
Algorithm 1 can achieve a % approximation ratio.

In Definition 6, there are two matroid constraints in the problem, which are |[H| = |F| and
|[H N C| < k. According to Theorem 5, it is easy to prove that the approximation ratio of the
Algorithm 1 is %
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ALGORITHM 2: FR2FP-ex Algorithm

Input: Road network G(V, E); current facility locations F; candidate facility locations C; limit of relocation
number k;
Output: Facility relocation (FR) pair (F, Cy)
1: FR pair (Fg, Cy.) = FR2FP(G, F, C, k)
2: Let S = FU Cy \ Fr. //final facility locations selected by FR2FP
3: Let L = CU F. \ Cy //all locations not selected by FR2FP
4: while true do
5:  Select the interchange pair < I,s > (I € L,s € S) which is the same type and brings the maximum
distance reduction

6:  if reduction < 0 then
7: break

8 else

9 S=SU{l}\ {s}

10: L=LU/{s}\{l}
11:  endif

12: end while
13: return (F\ 5,SNC)

4.2 Advanced Approximate Solution

Although the approximation ratio of the FR2FP algorithm is %, it sometimes performs poorly in
practice. To improve the performance of the algorithm, we propose a variation of FR2FP, namely,
FR2FP-ex (FR2FP-with-exchange). The idea is to add an exchange after getting the results from
FR2FP. The pseudo code is shown in Algorithm 2. Assuming that all facilities are classified into
two groups according to whether they originally belonged to F or C, then the facilities in S also
belong to both groups accordingly. Let L be all the facilities except S, which also belong to either
F or C. The exchange is performed iteratively. Each time it selects the exchange pair (I, s) that
brings the greatest distance reduction (Line 5). Both facilities in the pair must belong to the same
group (both in F or C), which ensures the number of facilities in C will not exceed k. Whenever
the current exchange pair does not cause the total distance to decrease, the algorithm stops (Lines
6 and 7).

The idea of the exchange is not complicated, but shows significant improvement compared with
the FR2FP, especially when k is small. Moreover, as the exchange only happens when FR2FP is
inferior, the results FR2FP-ex obtained is at least as good as that of the FR2FP. Therefore, FR2FP-ex
still guarantees the approximation ratio.

4.3 Guarantee Tunable Solution

Notably, the approximation ratio of FR2FP-ex is fixed at 1, which may be not good enough in a few
scenarios. Some researchers have developed solution toward the k-median problem and the facility
location problem based on Lagrangian Relaxation [2, 17, 29] (LR for abbreviation), which suggests
a potential direction for addressing the k-FR. Driven by that, we propose another algorithm based
on LR [7] that can adjust the approximation ratio if given enough running time.

4.3.1 Formulation. We first formulate the k-FR problem as an integer programming problem.
It can be viewed as finding the locations from the existing facilities to close and the locations for
new facilities to open so that the total travel distance between virtual users and their respective
nearest facilities can be minimized. Given this view, we can separate the task into two parts: (1)
selecting locations from F U C, each of which locates a facility (if a location in F is not selected,
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then the existing facility at the location should be closed,; if a location in C is selected, then a new
facility should be opened there), and (2) assigning virtual users in U to the closest opening facility.
Define
y; = {1 ifthere is an opening facility atlocationj € FU C
;=

0 otherwise,

and

{ 1 if virtual user i is served by facility opened at j
xij =

0 otherwise.

If y; = 0 for j € F, then it means that the existing facility at j € F is needed to be closed; if
y; = 1for j € C, then there will be a new facility to be opened at potential location j. Since
the maximal number of relocation is k and |F| facilities are desired, we have }};ccy; < k and
2.y; = |F|. As a virtual user can only be assigned to exactly an opening facility, we have x;; <
yj(Vie UANje FUC)and };cpuc xij = 1(Vi € U). Therefore, the problem can be formulated as
follows:

(P) Minimize Z Z d(i, j)xij, Fa=FUC,
ieU jeF,y
subject to

Qv sk @)
jec

Z Xl'jzl VieU, (3)
J€Fan

>y =1F, (4)
J€Fan
xij < y] VieUsjEFall’ (5)
y] € {0’1} vjEFalh (6)
xij € {0,1} VieU,jeFyy. (7)

4.3.2  Algorithm Design. To solve this integer programming problem, we first construct the La-
grangian relaxation of (P) with respect to constraint Equations (2) and (3) for given Lagrangian
multipliers (w, v), which is L(w, v). It can be formed as

L(W,U)zr;’l’iynz Z d(i,j)x,-j+Zwi 1- Z Xij

ieU jeF, ieU Jj€Fan

+v Z y; — k | subject to constraint Equations (4)—(7).
jeC
The objective function in the relaxation L(w, v) can be rewritten as
Z Z (d(i,j)—wi)xij+vaj+Zwi—vk. (8)
ieU jeF, jeC ieU
Define (d(i, j) — w;)~ = min{0, d(i,j) — w;}, and let
Yiev(d(i, j) —wi)” ifj € F,

’“Mw:{&ww@ﬂ—wr+viﬁec
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Suppose we rank all pj(w,v) according to their values in ascending order and denote the
top-|F| minimum values as pj,, pj,,. .., pj,, accordingly, then the corresponding location set is
{j1.j2, - - -, JjF|}- Since the last two terms in Equation (8) are constant, independent of x and y, it
follows by inspection that the optimal solution (Minimal) to the LR for a given w and v is

e e e )
J 0 otherwise,
L) —ws <0
Xij = y; ifd(i J). " (10)
0 otherwise.

As stated in Reference [7] the result value after Lagrangian relaxation is less than or equal to that
of the original problem. The Lagrangian dual of (P) with respect to constraint Equations (2) and
(3) is maximizing L(w, v), subject to v > 0. This dual can be solved via the following subgradient
algorithm.

Subgradient algorithm

For the problem after Lagrangian relaxation, we can use the subgradient algorithm to update the
Lagrangian multipliers (w and v) iteratively to gradually approach the maximal solution. We will
briefly introduce it in this part.

Let Q be the incumbent solution set (i.e., the best set of locations for opening facilities found
so far, such as the result of KLNB or FR2FP), y be the objective value of Q (i.e., y is the best upper
bound obtained so far for the primal problem (P)), and S be the best objective value found for the
Lagrangian dual, the main idea of subgradient algorithm is

Step 1. Initialize by setting f = —oco, iter = 1, v' = 0 and w} = min{d(i,j) : j € Q},i € U.

Step 2. Find an optimal solution (yJ’:te’,xf}e’), Vi € U,j € Fgy of the Lagrangian relaxation
L(w'ter, v'e") by using Equations (9) and (10). Calculate the partial derivatives and let

Gizl—inj VieU and n:Zyj—k.

J€Fan jeC

When 0; = 0 (Vi € U),n < 0 and v*¢" = 0, the procedure stops and (y;te’,xf;er) solves (P).
Step 3. Update the value g, if (y}t er, xl’; ") provides a better objective function value for the dual.
Step 4. Define a step size Ajrer = (y — B)/([10]1t*¢7), where t'1¢" is a factor related to iteration
iter. Use the step size to update the Lagrangian multipliers. For Vi € U, the iter + 1th value of w;
is w; + 0;Ajser. The updated value of v is max{0, v + nd;;e,}. Increase iter by 1 and if iter is greater

than the number of iterations permitted, stop; otherwise, go to step 2.
The following LR approximation scheme uses this subgradient algorithm and branch and bound

strategy to obtain an e-optimal solution to problem (P).

Definition 8. Let z be the objective function value of a solution x and z* be the theoretical optimal
objective function value, then x is an e-optimal solution if (z — z*)/z* < e.

LR approximation algorithm

Next, we introduce how to obtain approximate solutions using the branch and bound strategy. We
branch by deciding whether to choose a certain location j (y; is 1 or 0).
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Step 1. Set the Q,7 which is a solution to the primal problem (P), and y is the objective value of
Q, which is the upper bound.

Step 2. Solve the problem via a branch and bound technique. The lower bound on each branch is
obtained by solving the Lagrangian dual using the subgradient algorithm presented above. Branch
on the facility y; with the most virtual users assigned to it. A branch with lower bound no less than
y/(1 + €) will be pruned from the branch and bound tree, where y is the best objective function
value of (P) found so far.

The reason for branching on the facility with the most virtual users is that the facility stands
a good chance to be within the optimal solution (in which case its y value will be set to 1). As a
result, we hope to reduce the size of branch and bound tree by fixing such variables at an early
stage.

Theoretically, it is possible to obtain results with any approximation ratio using this algorithm,
though this algorithm cannot guarantee a solution in polynomial time. Aside from the tunable
approximation ratio, another advance for this solution is that it can generate the optimal results
if given plenty running time. The empirical results justify that the effectiveness of the FR2FP-ex
(respectively, FR2FP) algorithm is very close to the optimal, which will be described in detail in
Section 6.

4.4 Cost Analysis

In this section, we study the time complexity of the proposed methods: FR2FP, FR2FP-ex, and LR.

The complexity of calculating the distance between a user and facilities using Dijkstra algorithm
is O(|E| + |Fa11llog|Fa11l). We need calculate the distance between each user and facilities before
FR2FP selects plans. So the complexity is O (|U| - (|E| + |Fai11log|Fai1]))- FR2FP uses the fast greedy
algorithm proposed in Reference [30] to select the plans, and its time complexity is O(|F| - |[U’| -
|Fa11]) where U’ represents the users involved in each iteration. As |U’| < |U], the process of
choosing plans is much faster than calculating the distance.

Compared with FR2FP, FR2FP-ex requires an additional exchange process, and we use the LNB
method proposed in Reference [27] to achieve it. Because we can initialize the required data struc-
tures when calculating the distance. We only need to consider the time it takes for exchanging,
which is O(E’). E’ represents the edge actually involved in the algorithm and it can be shown
in Reference [27] that E’ < E. Therefore, the cost of exchanging is very small compared to the
previous steps.

LR is not a polynomial time algorithm. Its execution time is closely related to the initial solution
and approximation ratio. The worst time complexity will reach O(2!Faitl).

5 EXTENSIONS

In this part, we discuss an extension to the k-FR problem for more general scenario. Two algorithms
are presented to address this general problem. The theoretical guarantees for the result quality are
also provided for both approaches.

5.1 Budgeted k-FR Problem

In the k-FR problem in Definition 2, we are free to replace existing facilities with candidate ones.
The marginal cost for each replacement (i.e., replace a facility at i with a new one at j) is assumed
to be uniform. However, in practice, this assumption may not be true, e.g., the rent change for each
facility replacement is not necessarily the same. In addition, the budget available for relocation is

"It can be the result of FR2FP or FR2FP-ex or even F. Different initial values will only affect the running time of the
algorithm, not the approximation ratio.
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ALGORITHM 3: FR2FP-B Algorithm

Input: Road network G(V, E); current facility locations F; candidate facility locations C; limit of relocation
number k; budget B
Output: Facility relocation (FR) pair (F, Cy)
1: Let Fyp =FUC

2: The result set S = 0

3: The number of locations in S that belong to C: num=0

4: Total cost for relocation COST = 0

5: foriin1to |F| do

6:  Calculate the total distance D(I)

7:  Calculate relocation cost cost; for each location in F,;; if it is selected
8:  select the location [; whose D(I) is minimum and COST + cost; < B
9: S =SU{l;}

10:  COST = COST + costy,

11:  if [; € C then

12: num = num + 1

13: if num == k then

14: Faii=Fan \C

15: end if

16:  else

17: Faip = Fan \ {li}

18:  endif

19: end for

20: return (F \ S,C N S)

usually limited. Unfortunately, solutions presented above cannot work in this scenario. For exam-
ple, in Figure 1(b), we still use the data from Figure 1(a), but adding the cost of opening or closing
each facility. Every facility we change has a corresponding cost, and we only have a limited budget.
We called this problem the budgeted k-FR problem and it can be formalized as follows.

Definition 9. Given a directed road network G, a set of virtual users U, a set F of existing fa-
cilities { f1, f2, ...} and the corresponding closing costs {ch.cy..}, aset C of candidate locations
{c1,c2,. ..} and the corresponding opening costs {cc,, cc,, ...} and a budget limit B. The Budgeted
k-FR Problem aims to find pair (Fy, Cx-) among F and C subject to B such that

(Frr, Cryopr = argmax A ((Frr, Cyr)) (K" < k).

5.2 Algorithm Design

Although FR2FP algorithm does not consider the diverse costs, we can attach a series of modifica-
tions accordingly to deal with the new problem while guaranteeing the corresponding approxima-
tion ratio, which is shown in Algorithm 3.

Before proving the approximation ratio, we explain some details of the algorithm, especially
the difference from FR2FP. In Line 7, we need to calculate the cost cost; of each relocation. This
is different from the cost cf, i.e., for facilities in F to close, or cost c, i.e., for facilities in C to
open. If we select the location in F, then we did not actually relocate any facilities. That means the
relocation cost cost; is 0. Conversely, if we select the location cx in C, then we must open a new
facility at ¢, and close a facility in F at the same time. However, at this step, we are not sure which
facility should be closed. Hence, we assume the cheapest facility (f,) remaining in F is closed to
minimize the total cost. Therefore, the relocation cost cost; is ¢, + cf,-
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Example 3. A company intends to relocate up to two facilities in Figure 1, and the budget is
only 200. The total distance can refer to Figure 4. In the first iteration, ¢; is best and the cost to
open a new facility in ¢; is 100. Every time a new facility is built in C, a facility in F must be
closed. We assume the cheapest facility remaining in F to be closed, which is fi. So the relocation
cost is 100 + 40 = 140. In the second iteration, c; is the best choice. But the remaining budget is
only 60, which is not enough. Therefore, we can only choose the suboptimal solution fi. In the
previous step, f; has been removed by our assumption; if we choose f; now, then another facility
must be removed. We still choose the cheapest facility remaining in F and the answer is f;. The
relocation cost in this iteration is 70 — 40 = 30. Overall, we replace f, with ¢y, and the total cost is
100 + 70 = 170.

For the problem in Definition 9, if we transform it into a facility placement problem like Equation
(1), then it has the form

Maximize wy.p(H) s.t. |H| = |F|,|JHNC| < k,Cost(H) < B,

where Cost(H) represents the total cost used for relocation. Because Cost(H) < B is not a matroid
constraint, we cannot use Theorem 5 directly. Below, we must use other methods to prove the
approximation ratio.

THEOREM 7. For the budgeted k-FR problem defined in Definition 9, given the distance reductions
of the optimal solution and the solution found by Algorithm 3 D* and Dy, respectively, and we assume
that the facilities selected by Algorithm 3 in the first h times are the same as those of Algorithm 1,
then

Dy > LD*
SRR

Proor. Let the distance reduction of the optimal solution of problem 2 and the solution selected
by Algorithm 1 be D and D, respectively. Itis obvious that D > D*. For a submodular maximization
problem, greedy algorithm has diminishing marginal return at each iteration [26]. Because we
assume that the facilities selected by Algorithm 3 in the first h times are the same as those of
Algorithm 1, then D, > %Dl. According to Theorem 6, we know that D; > %D. Thus, we have

h *
Dy > =D, O

We can get Algorithm 4 by adjusting FR2FP-ex. In Line 6, if the locations of interchange pair
<I,s > are both selected from C, then the interchange cost can be calculated as cost = ¢; — c5. If
the locations of interchange pair <1, s > are both selected from F, then the interchange cost will be
evaluated as cost = ¢ — ¢;. Because Algorithm 4 is based on Algorithm 3, it can obtain a solution
in which the quality is at least as good as Algorithm 3.

6 EXPERIMENTS

In this section, we empirically evaluate the performance of the proposed approximate solutions. We
firstly introduce the experiments of the k-FR problem, and then the experiments for the budgeted
k-FR problem.

6.1 k-FR Problem

6.1.1 Experiment Setup.

Datasets. Two real-world datasets, California (CA) [12] and Beijing (B]), are adopted in our
experiment. Both of them are get from the author of Reference [27]. There are 21,693 bidirectional
edges and 21,047 vertices in CA. BJ consists of 433,391 unidirectional edges and 171,504 vertices.
The type and number of facilities in each dataset are shown in Table 2. The number and distribution
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Table 2. Facility Set of CA and BJ

CA |[F| | BJ |F|

Hospital 1,000 | Bank 1,000
Park 1,000 | Cafe 1,000
Post Office | 1,000 | Logistic 1,000
School 1,000 | Gas Station | 1,000

ALGORITHM 4: FR2FP-ex-B Algorithm

Input: Road network G(V, E); current facility locations F; candidate facility locations C; limit of relocation
number k; budget B

Output: Facility relocation (FR) pair (F, Cr)

1: FR pair (Fy, Cy.) = FR2FP-B(G, F, C, k, B)

2: Let S = FUCy \ Fr. //final facility locations selected by FR2FP-B

3: Let L = CU F \ Cy //all locations not selected by FR2FP-B
4: Let COST = COST,ypp_p //cost used by FR2FP-B
5:
6

while true do
Select the interchange pair <I,s> (I € L, s € S) of the same type, which brings the maximum distance
reduction and interchange cost cost no more than B — COST

7:  if reduction < 0 then
8: break

9: else

10: S=SU{l}\ {s}

11: L=LU{s}\{l}

12: COST = COST + cost
13:  endif

14: end while
15: return (F\ S,SNC)

of each type of facility are different. To verify the influence of facility distribution, we uniformly
sample 1,000 points of facilities for the experiment. The users in B] dataset is available from Refer-
ence [38]. Each user has 136,686 sample points on average. For CA, we adopt a real-world check-in
data.® We utilize the kernel method to extract the virtual users from the row data, and then conduct
the experiments. The virtual users are all clustered and distributed in a certain area as shown in
Figure 5. Candidate facilities are constructed in two ways’: (1) uniformly randomly generated ge-
ographically; (2) constructed according to the distribution of users. The former is used by default.

In addition, we also conduct experiments on two other synthetic graphs. Both of them have
50,000 vertices, 100,000 undirected edges, 1,000 virtual users, 100 existing facilities, and 100 candi-
date facilities. On one of the graphs, users and facilities are clustered and distributed in only a few
areas. On the other graph, users and facilities are uniformly distributed.

Compared solutions. We report the performance of the following algorithms, all of which are
implemented in C++ and tested on a 3.2 GHz quad-core machine with 16G RAM.

e kLNB: The heuristic solution of Reference [27], which iteratively select the optimal 1-FR pair
for k times.

e FR2FP: The approximate solution proposed in Algorithm 1.

o FR2FP-ex: The advanced solution proposed in Algorithm 2.

80btained from http://snap.stanford.edu/data/.
9For the objects that are not exactly located on roads, we shift them to the closest point of on the road network.
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Fig. 5. User distribution in the two datasets.
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Fig. 6. Effectiveness comparison.

e LR: The Lagrangian approximated algorithm, with € = 0.1. We use the solution of kLNB or
the existing facility set F as its initial upper bound. The former is the default.

6.1.2  Experimental Results.

Comparison of effectiveness. First, we vary the size of F from 100 to 1,000 to test the per-
formance of the four approaches. The results are similar, so for each dataset we only select one
type of facility. For clarity, we separate the LR results and the resuls are shown in Figure 6. The
x-axis and y-axis, respectively, represent k and the aggregated distance from the virtual user to
the nearest facility. There are two points that need careful analysis.

First, from Figures 6(a) and 6(c), we can see that when k is small, the performance of FR2FP
is the worst, even inferior to kLNB. The reason is that although the kLNB does not provide any
guarantee, if only one facility is relocated, then this algorithm can generate the optimal solution.
However, the approximation ratio of FR2FP is fixed at % Therefore, when k is small, it is not as
good as kLNB.

Second, from Figures 6(b) and 6(d), we can find that the results of LR are completely identical
with the that of kKLNB, even with F as its initial upper bound. This result shows that the solution
obtained by kLNB has satisfied the approximation rate of ¢ = 0.1 (according to Definition 8).
Combining Figures 6(a) and 6(c), we can know that all of kLNB, FR2FP, and FR2FP-ex achieve
near-optimal results eventually.

In addition to the above experiments, we have tested the effects of other factors on the effec-
tiveness, including user distribution, facility distribution, and candidate distribution. In all these
tests, all the compared solutions behave similar to what we can see from Figure 6, so we will not
show them. For details, please refer to Reference [26]. Moreover, we also tested the performance
of the solutions on synthetic datasets by varying the distributions of users and facilities, shown
in Figure 7. Obviously, the phenomenon in synthetic datasets is inline with what we have seen
in Figure 6.
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Fig. 7. Effectiveness comparison on synthetic graph.
Table 3. Execution Time of Each Algorithm (in Seconds)
CcA BJ
1 5 10 15 20 25 30 1 5 10 15 20 25 30
kKLNB 27 29 31 35 38 40 42 6 6 7 8 8 8 8
FR2FP 2,183 2,194 2,196 2,197 2,198 2,198 2,198 420 420 420 420 420 420 420
FR2FP-ex 2,213 2,217 2,214 2,217 2216 2217 2,217 427 428 426 427 426 426 426
LR 7,298 2,741 2,209 2,209 2,209 2,209 2,209 440 438 433 433 433 433 433

Comparison of efficiency. In this part, we compare the execution time of different algorithms
and the results are shown in Table 3. Since kLNB does not need to calculate the distance matrix
between virtual users and facilities, it runs the fastest. It is followed by FR2FP and FR2FP-ex, as
these two algorithms need to compute distance matrices. The LR algorithm runs the slowest, espe-
cially for the CA dataset. This is because the LR algorithm not only needs to calculate the distance
matrix but also iterates the subgradient algorithm many times. In addition, LR is not a polynomial
time algorithm and its execution time will be affected by many factors (e.g., initial solution).

Effect of approximation ratio. The advantage of the LR algorithm is that the approximation

ratio can be adjusted. In the previous experiments, we fixed the ratio (i.e., €) to 0.1. In this exper-
iment, we examine the time required for the LR algorithm and the final results under different e.
To better show the changes of the LR algorithm, we use the existing facility set F as the initial
solution. The results are shown in Figure 8. As the approximation ratio gets better (decreased), the
time required for the algorithm increases, and the final distance decreases, which is in line with
our expectations. However, we can also find that the results of the algorithm may be the same
under different approximation ratio. This is because if a solution satisfies the approximation ratio
of 0.4, then it must also satisfy the approximation ratio of 0.5 and the two solutions are the same.

6.2 Results for the Budgeted k-FR Problem

6.2.1 Budgets in Experiment Setup.

Datasets. We use the real data set described in Section 6.1.1. As there is no cost information
in it, we select to generate it manually. The opening cost of candidate facilities was randomly
generated from a uniform distribution over (200, 300). The closing cost of existing facilities was
randomly generated from a uniform distribution over (50, 100). The closing cost is smaller than
the opening cost, because opening a new facility is typically more costly than closing an existing
facility. Notably, according to Reference [29], the scale of these costs is not relevant to the results
(order) of replacement pairs.

The budget was also randomly generated from a uniform distribution. The sum of the cheapest
k opening costs and the cheapest k closing costs is the lower bound of the distribution. The upper
limit is the sum of the most expensive k opening costs and closing costs.
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Fig. 8. Effect of approximation rate.

Compared solutions. Since there is no off-the-shelf algorithm that can be directly used to
solve the budgeted k-FR problem, we tuned kLNB algorithm to choose the optimal 1-FR pair each
time the budget allows and made it as a baseline, referred to as kLNB-B. Therefore, we report the
performance of the following three algorithms.

e kLNB-B: The adjusted kKLNB algorithm.
e FR2FP-B: The solution proposed in Algorithm 3.
e FR2FP-ex-B: The solution proposed in Algorithm 4.

6.2.2 Experimental Results for the Budgeted k-FR.

Comparison of effectiveness. First, we compared the performance of different algorithms in
solving the budgeted k-FR problem. The volume of the facility set scales from 100 to 1,000. They all
have similar results, so we only show results when the scale is 1,000, which is shown in Figures 9(a)
and 9(b). We can find that this result is very similar to that of the k-FR problem, which is shown
in Figure 6. Although KLNB-B cannot provide a theoretical approximation ratio, it works well in
practice. When the number of relocation is small, the effect of FR2FP-B is relatively poor. With the
increase of the number of relocation, its performance continues to improve. The reason for this
is the same as described earlier. FR2FP-ex-B has a good practical effectiveness while providing a
theoretical approximation rate guarantee. In practice, we recommend the FR2FP-ex-B algorithm.
If running time is sensitive, then the kLNB-B algorithm can also be used. However, in some cases,
the kLNB-B algorithm may fail, we shall describe this in detail in Section 7.

Effect of budget. In previous experiments, we found that the relative performance of the var-
ious algorithms is similar to their performance in solving the k-FR problem. One reason for this
result is that the budget is so large that this constraint has no effect. Therefore, we verify the
impact of budget on different algorithms. In previous experiments, the budget is uniformly and
randomly generated between the lower and upper bounds. In this part, the budget varies continu-
ously between the lower and upper bounds, and the number of facilities to be relocated is constant,
and then we examine the results obtained by the algorithm under different budgets. The result is
shown in Figures 9(c) and 9(d).

As the budget gradually increases, the results obtained by different algorithms gradually de-
crease and eventually become stable. This is in line with our intuition. However, there are also
some unexpected and interesting results. First, as the budget increases, the results are not steadily
decreasing, but contains vibrations, and this phenomenon happen in all the three algorithms. This
is because all algorithms utilize greedy methods, which consider only the local solution each time,
not the global one. As the budget increases, there exist cases that a certain selection becomes better,
but the overall result becomes worse.
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Fig. 10. A failure scenario of kLNB.

Second, different algorithms have different degrees of vibration, the kKLNB-B algorithm is more
stable, and the FR2FP-B algorithm vibrates more significantly. By deep investigation over the ex-
ecution process of each algorithm, we observe that when the budget changes, only the last few
steps of the kLNB-B algorithm will be affected, while the FR2FP-B algorithm is easily affected by
the early steps. Since the FR2FP-B algorithm has many steps to perform after being affected by
a budget change, it is more susceptible. FR2FP-ex-B is based on FR2FP-B and it of course is also
susceptible.

Finally, when the budget is small, the kLNB-B algorithm is slightly better than the other two
algorithms. When the budget is increased, the results of the three algorithms are roughly the same.
Therefore, if the budget is not sufficient, the kLNB-B algorithm can be a good choice.

7 EXTENSIVE STUDY OF KLNB IN REFERENCE [27]

In this part, we introduce a scenario where the kKLNB will fail. Through the above experiments,
we found that although the kKLNB does not have an approximation ratio, its performance is sur-
prisingly superior to the FR2FP solution when k is small. However, as kLNB fails to guarantee
the results quality while FR2FP does, there should exist cases that kLNB fails to work. Driven by
that, we conduct extensive study, and finally find the cases that kLNB fail to perform well: when
multiple facilities need to be relocated at the same time and the relocation of any one of the facilities
alone cannot bring the distance reduction.

Figure 10 shows an example of this scenario. For ease of discussion, we use the Euclidean dis-
tance, which does not affect our conclusion in this example. According to the distance (the gray
number) marked on the figure, we can calculate the distance between each user and the facilities,
shown in Table 4. Suppose we are relocating two facilities, according to Table 5, no matter which
pair is selected, it cannot bring a positive distance reduction. Therefore, kLNB will output nothing.
Nevertheless, if we relocate f; and f; at the same time, then the distance will decrease eventually.
Suppose FR2FP is adopted in this scenario, it will selects ¢; first, and then c;, which is obviously
better than kLNB.

THEOREM 8. The kLNB algorithm fails to provide any approximation ratio for the problem in
Definition 2.
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Table 4. Distances between Users and Facilities Table 5. Distance Reductions for
all 1-FR Pairs
facility
user h fo “ e pairs reductions

u V5 | V37| V5 | V85 (fise1) 0

uz V5 | V37| V5| 9 (firc2) | 3V5-1-2v37 <0

u3 V37 | V5 | V5| 5 (f2-c1) V5-437<0

uy Vior | V5 | V37| 1 (farc2) 2V5-6 <0

Proor. We can prove this by contradiction. Suppose that the kKLNB has an approximation ratio
€ > 0 for the problem. That is, given that the ideal solution of the problem is (Fi/, Ck/)opr, then
the solution of kLNB, say (Fj’, Cx'); N, should satisfy

A(Fr,Ceypng) 2 € - A(Fr, Cerdopr)- (11)

However, we can easily find an instance shown in Figure 10, where A((Fx, Cx')opT) = \5-1.
However, the distance reduction of the result of kLNB is 0, i.e., A({(F/, Cx-)r.nB) = 0, which conflicts
with Equation (11).

Therefore, the assumption does not hold, and kLNB algorithm fails to provide any approxima-
tion ratio for the problem. |

Although the KLNB algorithm does not have an approximate rate guarantee, it performs good
in many cases, even better than FR2FP when k is small. However, it may encounter some awkward
situations as shown in Figure 10. Due to that, we recommend to use FR2FP-ex algorithm to solve
the k-FR problem, as it not only has the same result quality guarantee as FR2FP but also exhibits
the best practical performance among the solutions.

8 CONCLUSION

Although k-FR problem has a wide range of applications in real life, the NP-completeness makes
it difficult to find an algorithm reliable in real application. In this article, we proposed a group of
approximate solutions to k-FR by transforming the problem into an equivalent facility placement
one and a solution using linear programming. To the best of our knowledge, they are the first
approximate solutions. We also found that the state-of-the-art heuristic solution, kLNB proposed
by Reference [27], is effective in most cases, although it does not provide an approximation ratio.
Results of exhaustive experiments show that if we want to guarantee the approximation ratio,
we need to spend more time. Hence, in practice, we need to make a choice between efficiency and
effectiveness. We also extensively study the budgeted k-FR problem and provide the corresponding
algorithms to solve it.
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